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Abstract. In this paper, oscillattion and nonoscillation criteria are established for neutral
differential equations with positive and negative coefficients. Our criteria improve and
extend many results known in the literature.
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1. Introduction
Consider the neutral delay differential equation with positive and negative coeffi-
cients






Qj(t)x(t − σj) = 0, t > t0,
where Pi, Qj , R ∈ C([t0,∞),  + ), r ∈ (0,∞) and τi, σj ∈  + for i = 1, 2, . . . , m and
j = 1, 2, . . . , n.
When m = n = 1, Eq. (1.1) reduces to
(1.2) [x(t)−R(t)x(t − r)]′ + P (t)x(t− τ) −Q(t)x(t− σ) = 0, t > t0,
where P, Q, R ∈ C([t0,∞),  + ), r ∈ (0,∞) and τ, σ ∈  + . In recent years, the
oscillation of Eq. (1.2) has been investigated by many authors. See, for example, [2],
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[4]–[6], [9], [10], [12], [16] and the references cited therein. However, to the best of our
knowledge, there is little in the way of results for the oscillation and nonoscillation of
neutral differential equations with positive and negative coefficients with more than
one delay.
Our aim in this paper is to establish oscillation and also nonoscillation criteria for
Eq. (1.1). Our results improve and extend many results known in the literature.
The following assumptions will be used throughout the paper without further
notice.
(A1) There exist a positive integer number p 6 m and a partition of the set
{1, 2, . . . , n} into p disjoint subsets J1, J2, . . . , Jp such that j ∈ Ji implies
that σj 6 τi;
(A2) Hi(t) := Pi(t)−
∑
k∈Ji
Qk(t− τi + σk) > 0 (6≡ 0) for i = 1, 2, . . . , p, Hi(t) :=
Pi(t) for i = p + 1, . . . , m;
(A3) % = max{r, τi, σj : 1 6 i 6 m, 1 6 j 6 n} and δ = min{r, τi, σj : 1 6 i 6
m, 1 6 j 6 n}.
A function x(t) ∈ C([t1 − %,∞), R) is said to be a solution of Equation (1.1)
for some t1 > t0 if x(t) − R(t)x(t − r) is continuously differentiable on [t1,∞) and
satisfies (1.1) for t > t1.
As is customary, a solution of (1.1) is said to be nonoscillatory if it is eventually
positive or eventually negative. Otherwise, it will be called oscillatory.
For convenience, we will assume that all inequalities concerning the values of
functions are satisfied eventually for all large t.
2. Lemmas
We need the following lemmas for the proofs of our main results.








Qk(s) ds 6 1.
Let x(t) be an eventually positive solution of the differential inequality






Qj(t)x(t − σj) 6 0
and set







Qk(s)x(s − σk) ds.
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Then
(2.4) z′(t) 6 0, z(t) > 0, and z′(t) +
m∑
i=1
Hi(t)z(t− τi) 6 0.

. Assume that t1 > t0 + % is such that x(t) is positive for t > t1. Then


















Hi(t)z(t− τi) 6 0.
Now we prove z(t) > 0. For otherwise, there would exist a t2 > t1 such that z(t2) 6 0.
Then eventually z(t) < 0 because z′(t) 6 0 and so there exist t3 > t2 and µ > 0 such
that z(t) 6 −µ for t > t3. Hence







Qk(s)x(s − σk) ds














6 − µ + max
t−%6s6t
x(s).
Lemma 1.5.4 in [6] implies that x(t) cannot be a nonnegative function on [t3,∞),
thus contradicting x(t) > 0. The proof is complete. 








Qk(s) ds > 1.
Let x(t) be an eventually positive solution of (2.2) and let z(t) be defined by (2.3).
Then the oscillation of all solutions of the second order ordinary differential equation
(2.7) y′′(t) + %−1
m∑
i=1
Hi(t)y(t) = 0, t > t0
implies that z′(t) 6 0 and z(t) < 0 eventually.
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
. From (2.5) we have
(2.8) z′(t) 6 −
m∑
i=1
Hi(t)x(t − τi) 6 0.
Therefore, if z(t) < 0 does not hold eventually, then z(t) > 0 eventually. Let
t1 > t0+% be such that x(t−%) > 0, z(t) > 0 for t > t1. SetM = 2−1 min{x(t) : t1 =
% 6 t 6 t1}. Then x(t) > M for t1 − % 6 t 6 t1. We claim that
(2.9) x(t) > M, t > t1.
If (2.9) does not hold, then there exists a t∗ > t1 such that x(t) > M for t1−% 6 t < t∗
and x(t∗) = M . By (2.3) and (2.6) we get




















This is a contradiction and so (2.9) holds. Let lim
t→∞
z(t) = a. There exist two possible
cases:
Case I. a = 0. There exists a T1 > t1 such that z(t) < M/2 for t > T1. Then for





z(s) ds 6 M < x(t), t ∈ [t̄, t̄ + %].
Case II. a > 0. Then z(t) > a for t > t1. From (2.3) and (2.9) we get







Qk(s)x(s − σk) ds > a + M, t > t1.
By induction, it is easy to see that x(t) > ka + M for t > t1 + (k − 1)% and so
lim
t→∞





z(s) ds 6 2z(T ) < x(t), t ∈ [T, T + %].






z(s) ds, t ∈ [T, T + %].
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z(s) ds, t > T + %.












z(s) ds for t ∈ (T + %, t∗).







































This is a contradiction and so (2.10) holds. Thus, for t > T + %, we obtain























z(s) ds, t > T + %.






Hi(t)y(t) 6 0, t > T + %.
By Lemma 2.4 in [11], Eq. (2.7) has an eventually positive solution. This is a
contradiction and the proof is complete. 
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Qk(s) ds ≡ 1.
Then the fact that the inequality (2.2) has an eventually positive solution x(t) implies
that Eq. (1.1) has a solution x(t) which satisfies 0 < x(t) 6 x(t) eventually.

. Let z(t) be defined by (2.3). By Lemma 2.1 there exists a t1 > t0 such
that x(t − %) > 0, z(t) > 0 and z′(t) 6 0 for t > t1. Set M = 2−1 min{x(t) : t1 =
% 6 t 6 t1}. Then x(t) > M for t > t1 − %. From (2.3) and (2.4) we have













Hi(s)x(s − τi) ds, t > t1.
Define a sequence of functions {xv(t)} by x0(t) = x(t) and for v = 1, 2, . . . by













Hi(s)xv−1(s− τi) ds, t > t1 + %,
xv(t) = M +
xv(t1 + %)−M
x(t1 + %)−M
(x(t)−M), t1 6 t < t1 + %.
Then, from (2.13) and (2.14), we have for t > t1 + %
x0(t) = x(t) > x1(t)


























For t1 6 t < t1 + % we have
x0(t) = x(t) > M +
x1(t1 + %)−M
x(t1 + %)−M
(x(t)−M) = x1(t) > M.
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Thus, x0(t) > x1(t) > M for t > t1. By induction, one can easily prove that
xv(t) > xv+1(t) > M, t > t1, v = 1, 2, . . .
Therefore, {xv(t)} has a pointwise limit function x(t) with 0 < M 6 lim
v→∞
xv(t) =
x(t) 6 x(t) for t > t1. By the Monotone Convegence Theorem we have





















Qj(t)x(t− σj) = 0, t > t1 + %.
The proof is complete. 
Lemma 2.4. Assume that (2.12) holds with δ > 0. Then Eq. (1.1) has an
eventually positive solution if the second order ordinary differential equation
(2.15) y′′(t) + δ−1
m∑
i=1
Hi(t)y(t) = 0, t > t0
has an eventually positive solution.

. Let y(t) be an eventually positive solution of (2.15). Then there exists
a t1 > t0 such that y(t) > 0, y′′(t) 6 0 and y′(t) > 0 for t > t1. Define a function x(t)
by
x(t) = δ−1y(t1), t1 6 t 6 t1 + %− δ,
x(t) = δ−1[y(t1) + (t− t1 − % + δ)y′(t1 + %)], t1 + %− δ 6 t 6 t1 + %,
and







Qk(s)x(s − σk) ds,
t1 + % + lδ < t 6 t1 + % + (l + 1)δ, l = 0, 1, . . . .
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Then x(t) is continuous and positive for t > t1, and







Qk(s)x(s− σk) ds, t > t1.
Since y′(t) > 0 and y′′(t) 6 0, we have for t1 + %− δ 6 t 6 t1 + %




y(t), t1 6 t 6 t1 + %.
For t1 + % 6 t 6 t1 + % + δ, we have







Qk(s)x(s − σk) ds
6 1
δ


















By induction, one can prove in general that for l = 0, 1, . . .
x(t) 6 1
δ




y(t), t > t1
and so






y(t), t > t1 + %, i = 1, 2, . . . , m.
Substituting (2.16) and (2.17) into (2.15) we obtain






Qj(t)x(t − σj) 6 0.
By Lemma 2.3, Eq. (1.1) has an eventually positive solution. The proof is complete.

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Lemma 2.5 ([1], [7]). Consider the ordinary differential equation
(2.18) y′′(t) + p(t)y(t) = 0, t > t0,
where p(t) ∈ C([t0,∞),  + ). Then












p(s) ds 6 1
4
for large t.
3. Results and proofs





























then all solutions of (1.1) oscillate.

. On the contrary, assume that (1.1) has an eventually positive solu-
tion x(t) and let z(t) be defined by (2.3). It follows from Lemma 2.1 that (2.4) holds.




Hi(t)y(t− τi) = 0
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One can easily show that
(3.4) ϕ(u)uex > ϕ(u)x + ϕ(u) ln(eu + 1− sgnu) for u > 0 and x ∈ R,
where ϕ(0) = 0 and ϕ(u) > 0 for u > 0.
































































































































































Hi(s) ds < 1, i = 1, 2, . . . , m












































































This contradicts (3.10) and completes the proof. 
Remark 3.1. We note that when R(t) ≡ 0, Theorem 3.1 improves Theorem 3.2




t Hi(s) ds > 0 is no longer required.












Then all solutions of (1.1) oscillate.

. Suppose that Eq. (1.1) has an eventually positive solution x(t). Let
z(t) be defined by (2.3). Then by Lemma 2.1 we have z(t) > 0 eventually. On the
other hand, by Lemma 2.5, (3.11) implies that all solutions of Eq. (2.7) oscillate. By
Lemma 2.2, it follows that z(t) < 0. This contradiction completes the proof. 
Theorem 3.3. Assume that (2.6) and (3.11) hold and that
(3.12) R(t− τi)Hi(t) 6 hHi(t− r), i = 1, 2, . . . , m.
Also suppose that Hi(t)/Qj(t− τi + σj) is nonincreasing and satisfies
(2.13) Hi(t)Qj(t− τi) 6 hjHi(t− σj), i = 1, 2, . . . , m, j = 1, 2, . . . , n,






hk(τi − σk) = 1.
Then every solution of (1.1) oscillates.
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
. Assume the contrary. Eq. (1.1) has an eventually positive solution x(t).
Let z(t) be defined by (2.3). Then by Lemma 2.2 we have z(t) < 0 eventually.












































































Define P i(t) by
P i(t) = Hi(t) +
∑
k∈Ji
hk, i = 1, 2, . . . , p,
P i(t) = Hi(t), i = p + 1, p + 2, . . . , m.
We obtain






hjz(t− σj) > 0.
This implies that −z(t) is a positive solution of the inequality






hjy(t− σj) 6 0,
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which yields a contradiction by Lemmas 2.1 and 2.2. The proof is complete. 
Next we give a criterion for nonoscillation.










Then Eq. (1.1) has an eventually positive solution.

. The conclusion of Theorem 3.4 is an immediate consequence of
Lemma 2.4 and Lemma 2.5. 
Example ([14]). Consider the equation
(3.18) [x(t) − (1− α)x(t − r)]′ + (α + t−β)x(t− τ)− αx(t − σ) = 0, t > 1,
where 0 6 α < 1, −∞ < β 6 2, τ = σ + 1, σ > 0 and r > 0. All conditions of
Theorem 3.2 are satisfied when −∞ < β < 2 or β = 2 and % < 4. Thus, all solutions
of (3.18) oscillate when −∞ < β < 2 or β = 2 and % < 4. On the other hand, by
Theorem 3.4, Eq. (3.18) has an eventually positive solution when β > 2 or β = 2
and δ > 4.
Remark 3.2. It should be noted that condition (11) in [14] is not satisfied for
Eq. (3.18) when 3/2 < β 6 2. Thus our condition (3.11) is better than condition (11)
in [14], and so Theorem 3.2 and Theorem 3.3 improve and extend Theorem 1 and
Theorem 3 in [14], respectively.
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